Abstract: Multi-step Mori-Tanaka method (MMT) is applied to the estimation of the effective mechanical properties for composites with three-phase randomly distributed aggregates in this paper. The Multi-phase Homogenization Theory (MHT) which is based on mathematical homogenization method and is employed to verify the results of MMT method. Results show that MMT method is reasonable and practicable to predict the effective mechanical properties of composites with several phases, and the Young's moduli and Poisson's ratios of each phase may have some effects on the effective mechanical properties of multi-phase composites.
Introduction
Concrete, consisting primarily of Portland cement, fine and coarse aggregate, and particles of various sizes ranging from sand grains of diameter 100 µm to large rock particles of diameter 10-20 mm [1] , has been used as a primary building material for many years owing to its excellent engineering properties and durability [2] . Since the grains or aggregates with different sizes may lead to the desired properties [3] , the multi-phase composite materials are receiving considerable attention in concrete or ceramic material fields in recent years, and it is important to predict their effective mechanical properties [4] . Since the difficulty to obtain the mechanical properties of such composites using analytic model including the exact microstructures of composites, it is necessary to develop a simply analytic model. A review [5] of literatures gave a lot of models developed for the prediction of the elastic moduli of single-inclusion composite materials, and Eshelby's equivalent inclusion equation [6] and Mori-Tanaka (MT) method [7] are the most versatile tool, which has been used for a wide range of problems and thus become a popular tool for analysis of composites with inclusion.
The goal of this work is to extend the MT model to study a three-phase particle reinforced concrete composite consisting of natural grains, recycled grains and asphalt mixture. Although this approach at a first glance may appear inappropriate for representing the real microstructure, it can give a significant reference from the point of view of statistic, and the following MHT method also proves MMT method is enough to give an reasonable prediction.
The homogenization method is popular for the application of two-phase composites, and their complete mathematical details can be found in the paper of Bensoussan et al. [8] . Wang et al. [9] proposed a new solution for homogenization method with precise periodical boundary condition to study composites with different inclusions. By substituting the corresponding Young's modulus into the material properties of each phase in [9] , the effective material properties can be determined. The method is used to verify the results of the MMT method in this paper.
Multi-step Mori-Tanaka method
Basic Mori-Tanaka method (MT method). The basic assumption for MT method is that: each inclusion is distributed in an ideal infinite matrix without any other inhomogeneous factor, and the average stress of matrix is applied in the far field. So the average strain within the inclusion is expressed by Eshelby's theory [10, 11] :
here, A is the average strain tensor, which is:
For a two-phase composite material, the basic formula of the MT method can be written as [11] 1 ) ( :
where c is the volume fraction for each phase (subscript i means the inclusion, m means the matrix), and C denotes the stiffness tensor of the corresponding phase for composites. S r is the Eshelby's tensor corresponding to the r-th phase, and details for expressions of S r with various shapes can be found in the book of Mura [12] , I is the fourth-order symmetric unit tensor. Multi-step Mori-Tanaka method (MMT method). Supposing the concrete composites are reinforced with natural grains, recycled grains and asphalt mixtures, and these aggregates are distributed in the concrete matrix randomly as shown in Fig.1(a) . According to statistic theory, the representative volume element can be simplified into an ideal model in which the different aggregates (defined as inclusion 1, inclusion 2 and inclusion 3) are put in the infinite matrix in turn as shown in Fig.1 (b) (a) (b) Fig.1 Typical random multi-phase composite material and its representative volume element At first, the interactions among the inclusions are neglected in the models, and each inclusion is assumed to reinforce the matrix independently. In the first step, Young's modulus and Poisson's ratio of the original matrix (matrix-I) is denoted by E m1 and ν m1 , and the inclusion 3 as the first reinforcement is denoted by E i3 and ν i3 , as shown in Fig. 2(a) . Then based on MT equation, the effective elastic modulus of the two-phase composites composed of matrix-I and inclusion 3 can be obtained, which is taken as a new matrix (matrix-II). Similarly, in the second step, inclusion 2 (E i2 and ν i2 ) is taken as the second reinforcement for matrix-II, as shown in step 2 in Fig.2(a) . Repeating the above described calculation process gives new matrix (matrix-III) which consists of matrix-II and inclusion 2. Finally, in the third step, the inclusion 1 (E i1 and ν i1 ) becomes the last reinforcement for matrix-III. Repeating the calculation similar to former steps reduces effective mechanical properties for the composite reinforced by three inclusions. The volume fraction of reinforcement in each step is calculated as follows: 
Multi-phase Homogenization Theory (MHT method)
A mathematical homogenization method based on the double-scale asymptotic expansion is employed to account the micro-structural effects on the macroscopic response without explicitly representing the details of the microstructure in the global analysis. The derived homogenization effective elastic stiffness is [10] :
where Y is the volume of the microstructure, E ijkl is the elastic stiffness for each phase, and H ijkl E represents the homogenized effective mechanical properties for multi-phase composites, which is directly related to the solution of Eq.(6).
Eq. (6) is a zero traction (or pure displacement ) boundary value problem, and it is a homogeneous equation, which is easy to solve by finite element method.
Results and discussion
The effective mechanical properties of composites with three-phase randomly distributed aggregates are calculated in this paper. The volume fraction from inclusion 1 to matrix is 11.5%, 8.25%,1.25%,and 79%, respectively, and the other material properties are shown in the figures. 6 shows the influence of the Young's modulus for each phase on effective Young's modulus of composites. Results show that effective Young's modulus obviously increases with the increase of the Young's modulus of matrix, but it is not so sensitive to inclusions. Fig. 7 shows that the effective Poisson's ratio is more sensitive to the changes of Young's modulus for each inclusion. Fig. 8 shows the influence of the Poisson's ratio for each phase on effective Young's modulus of cement composites. Since the volume fraction of inclusion 3 is very low, and the change of Poisson's ratio has little influence on the effective Young's modulus (nearly keep constant). However, the effective Young's modulus is sensitive to the change of the Poisson's ratio for matrix, so does the effective Poisson's ratio as shown in Fig.9 , and it shows that the Poisson's ratio of matrix has an obvious influence on the effective mechanical properties of multi-phase composites. 
